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INTRODUCTION 
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t. 


In  this  work  we  examine  the  consequences  of  finite  beam  emlttance 
and  discuss  some  of  the  requirements  on  the  beam  transport  system  In  a  free 
electron  laser.  We  vlll  not  discuss  the  operation  of  the  FEL,  aa  an 
extensive  theory  of  the  device  Is  presented  In  a  companion  paper. *  We 
concentrate  on  beams  from  linear  accelerators,  but  the  transport  theory  Is 
quite  general  and  may  be  applied  to  beams  from  (or  in)  a  storage  ring.  The 
only  original  work  is  contained  in  the  final  section,  which  treats  focusing 
by  shaping  the  magnetic  field  in  a  planar  wiggler. 

In  Section  II  we  discuss  a  fundamental  limitation  placed  on  the 
beam  current  density  by  the  finite  emlttance  and  the  resulting  spread  in 
axial  velocity.  Section  III  is  devoted  to  continuous  solenoidal 
focusing.  The  treatment  is  based  on  the  beam  envelope  equation.  A 
derivation  of  this  equation  may  be  found  in  Ref.  2.  The  units  used  in  this 
work  are  lengths  In  cm,  magnetic  fields  in  kG,  and  emlttance  in  cm-rad. 

All  currents  are  In  kA  except  where  clearly  stated  as  A. 

We  examine  the  possibility  of  focusing  the  electron  beam  with  the 
magnetic  field  of  the  wiggler  In  Sec.  IV,  and  show  a  simple  wiggler  magnet 
design  that  demonstrates  the  concept.  The  treatment  employs  the  theory  of 
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Courant  and  SnyderJ* 


C 


1 


For  •  bean  la  vacuos  with  a  radius  ft  ,  aalttaaea  *  aad 


current  I  ,  th«  envelope  aquation  la 


d*R 


+  ft2(*)R 


21 (kA)  ^  e2 

-  ■ -3  * -3  * 

1  7R(6y)  J  ft-* 


(1.1) 


In  this  aquation  Y  la  the  energy  of  the  partlclee  In  units  of  the  rest 
energy  and  y*  •  (1  -  B2)"2  .  The  quantity  ft2(*)  characterises  the 
external  focualng  forces.  Xn  Ref.  2,  R  is  the  root  aean  square  radius  of 
the  beam  and  e  has  a  precise  mathematical  definition.  In  this  work  we 
simply  regard  R  and  £  as  measurable  quantities. 

Depending  on  the  values  of  the  parameters  I,Y,e,  and  R  ,  there 
are  two  extreme  regions  of  Interest.  One  of  these  Is  known  as  the  "space- 
charge”  dominated  region.  It  should  be  known  as  the  "self-f orce"  region  or 
some  such,  but  In  accelerator  jargon  all  coherent  electromagnetic  self¬ 
forces  tend  to  be  lumped  Into  "space-charge".  In  this  region 
e2  «  2IR2/17(yB)3  so  that  the  second  term  on  the  right  hand  side  of 
Bq.  (l.l)  may  he  neglected.  Ihe  other  region  Is  called  the  ealttance- 
domlnated  region.  In  this  rsgion  the  first  term  on  the  right  hand  side  of 
Bq.  (1.1)  is  neglected.  For  a  given  e,  I,  and  Y,  the  ratio  of  the  two 
terms  is  determined  by  the  beam  radius.  Ve  shall  see  that  for  current 
densities  of  Interest  In  operation  of  an  FEL,  the  beam  Is  quite  generally 
In  the  emlttanee-domlnated  region. 


II 


EXITTANCE  AND  AXIAL  VELOCITY  SFltAD 


The  tern  "emlttance"  ha*  lta  root*  in  beam  transport  theory.  In 

general.  It  is  defined  for  each  transverse  direction  (x  and  y),  and  aay  be 

different  In  the  two  directions.  The  particles  In  the  beam  lie  within  a 

four  dimensional  volume  In  x,y,dx/dz,  and  dy/dz  .  If  the  distribution 

la  Integrated  over  y  and  dy/dz  ,  we  are  left  with  a  distribution  In  x 

and  d x /dz  .  The  ellpse  enclosing  the  distribution  has  area  equal  to 

kc  .  Measured  values  are  quoted  as  the  fraction  of  the  beam  that  lies 
x 

within  a  given  area,  such  as  "90T  of  the  beam  particles  are  enclosed  in 
30"  mrad-cm." 

In  an  "ideal"  accelerator  the  transverse  forces  on  the  particles 
are  linear  In  the  transverse  direction.  These  forces  Include  those 
focusing  and  accelerating  the  particles.  The  area  In  x-P^  (or  y-Py) 

phase  apace  remains  a  constant  while  the  longitudinal  momentum  Pt 

Increases  as  .  Thus  dx/dz  (or  dy/dz)  and  the  emlttance  decreases  as 

(Y6)~l  .  It  Is  common  practice  to  Introduce  the  normalized  emlttance 

c  s  y8e  .  In  an  ideal  accelerator  c  is  constant  throughout  the 
o  o 

acceleration  process.  No  real  accelerator  can  meet  the  criterion  of  linear 
transverse  forces.  In  addition,  the  transverse  forces  must  Include  those 
arising  from  the  particles'  coherent  electromagnetic  eelf-flelds,  which  are 
not  linear.  It  should  be  noted  that  the  dependence  of  c  on  energy  In  a 
storage  ring  does  not  follow  the  Of#)*1  variation  because  of  the  effects 


3 


of  synchrotron  radiation.  If  the  beam  ia  aslmuthally  symmetric  we  have 
m  •  t  ,  ehe  quantity  that  appears  In  Eq.  (1.1). 


When  ve  consider  the  emlttanee  of  beans  froa  existing  rf  llnscs  as 
well  as  Induction  llnacs,  ve  discover  a  aerlous  limitation  on  the  current 
density  of  beans  froa  the  devices  when  employed  in  an  FEL.  We  flrat 
consider  a  beam  In  which  all  particles  are  travelling  In  the  t  direction 
with  no  transverse  velocity  component.  It  is  the  axial  speed  that 
determines  whether  or  not  a  particle  can  be  trapped  in  stable  phase  and 
radiate  coherently  In  an  FEL.  If  the  particle  has  no  transverse  velocity 
but  has  a  deviation  $Y  from  the  value  Y^  of  the  resonant  particle,  it 
has  a  deviation  In  axial  speed  given  by 


6y  2  v&vz 

T  r  — r 


(2.1) 


On  the  other  hand,  if  a  particle  has  the  proper  value  of  Y  ,  but  has  a 
transverse  speed  v,  (or  vy)  and  total  speed  v  ,  that  particle  has  a 
deviation  in  axial  speed  given  by 


4v  /v  -  v2/2v2  . 

X  X 


(2.2) 


For  a  been  with  emittance  t^  ,  the  maximum  value  of  vx/v  is 
c  divided  by  the  maximum  value  of  x  .  For  arimuthally  symmetric  beams, 
the  total  spread  Av^  in  axial  speed  is  given  by 

-  dc2/2R2  .  <2*3) 


< 
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V*  compare  ■  monoenergetlc  beae  with  an  omittance  c  with  a  taro  omittance 
beam  that  haa  an  energy  apraad  Ai  to  daflna  a  ralatlon 


(tdt/m*  -  (2At/t)  aqulv  ,  (2.0 

aaanlng  that  th*  monoenergetlc  haaa  haa  a  Av^  equivalent  to  that  of  the 
cold  beaa  with  energy  spread  At  .  A  wore  preclae  relation  la  found  by 
Including  the  traneveree  apeed  In  the  equations  of  motion  of  partlclea  In 
an  FEL.  This  relation  la 

prc  yR'*  -  2 1  ' >  t  equiv  ,  (2.^ 

In  which  the  quantity  u  has  the  definition 


u  •  1  ♦ 


e  ^  F 
w  w 

:«bc* 


(2.b> 


In  Eq.  (2.6)  e  la  the  electron  charge,  ■  the  raat  seat,  and 

the  magnitude  and  wave  length  of  the  vlggler  magnetic  field.  Equation 

(2.6)  la  valid  for  a  helical  vlggler.  For  a  planar  vlggler  ^  la  the 

*> 

root  mean  square  value.  Values  of  u*  are  typically  1  to  2. 

We  point  out  that  the  affective  A t/t  in  the  device  arlaea  from 
three  eourcee,  and  may  be  expressed  In  the  form 


In  which  the  flret  ter*  on  the  right  hand  tide  denote*  the  actual  spread  In 
aoergy  in  the  bee*  and  the  aecond  ter*  ie  erpreeeed  by  Eq.  (2.5).  The 
third  ter*  on  the  right  hand  aide  denotes  the  change  In  axial  velocity 
arlelng  fro*  the  traneverae  variation  In  the  vlggler  field,  and  will  depend 
on  the  particular  vlggler  configuration.  In  this  work  ve  deal  only  vlth 
the  contribution  fro*  the  aaUttance,  and  Ay/y  in  tbla  auction  and  In 
Section  III  refers  to  this  contribution.  The  contribution  from  variation* 
In  the  vlggler  say  be  comparable  to  that  fro*  the  eslttance  and  Is 
discussed  briefly  in  Section  IV. 

For  a  large  number  of  existing  rf  linacs,  there  is  an  espirlcal 
relation  betveen  the  measured  values  of  c  and  the  average  beam  current 
I  .  The  relation  is 

c  -  ygc  -  0.3  I1/2(kA)  c*-rad .  (2.7) 

o 

vlth  I  the  time  average  current  during  the  awcropulae  fro*  the 
accelerator. 

This  equation  scans  that  the  output  values  of  I,  y,  and  c  for 
any  individual  accelerator  are  related  in  this  manner.  The  coefficient 
varies  by  •  factor  of  2  or  3  among  rf  linacs.  Many  rf  linacs  have  several 
different  modes  of  operation.  The  average  current  and  the  energy  are 


different  la  different  aodee.  Generally  Eq.  (2.7)  la  obeyed  for  any  mode, 
but  again  the  coefficient  nay  vary  by  a  factor  of  2  or  3.  The  value  of  0.3 
In  Eq.  (2.7)  represents  a  lower  Unit  for  rf  llnace  currently  In  operation. 

The  average  current  out  of  rf  linacs  la  typically  10'a  of  mA  to  aa 
much  as  a  few  A.  But  Eq.  (2.7)  cones  close  to  fitting  measured  values  froo 
the  Aatron  linear  Induction  accelerator.  The  current  was  constant  over  the 
pulse  duration  of  about  250  ns.  Measurements  of  the  emittance  of  the  beam 
from  that  device  at  7  ■  11  and  I  ■  300  A  to  500  A  Indicate  that,  for 
this  device,  the  coefficient  0.3  Is  a  factor  of  2  too  large. 

A  possible  explanation  of  the  validity  of  Eq.  (2.7)  over  5  orders 
of  magnitude  In  current  may  be  stated  as  follows:  all  Injectors,  sources, 
or  guns  used  in  electron  linacs  inject  approximately  the  same  density  of 
particles  Into  the  four  dimensional  phase  space  x»y»Px,Py  •  The  volume  Is 
thus  proportional  to  the  total  current  I  ,  and  the  area  In  x-Px  or 
y-Py  phase  space  Is  proportional  to  . 

We  note  that  the  total  current  I  is  approximately  related  to  the 
current  density  J  by 

1  •  *r2J  .  (2.8) 

We  use  this  relation  In  Eq.  (2.7)  to  obtain 


(tic/*)2-  0.0»  «  J  (kA/cm2) 


(2.*) 


ly  uilnj  Kq.  (2.5)  w  can  now  determine  what  time  average  currant  density 
Jc  corresponds  to  an  axial  velocity  apread  equivalent  to  a  fractional 
energy  epread  of  II.  For  u2  •  2  we  find 

J  ■  1A0  A/c»2  .  (2.10' 

c 

For  rf  llnaca  the  peak  current  wav  be  ordera  of  Magnitude  greater  than  the 
average  current . 

There  la  nothing  unique  about  the  value  of  IX  for  />  ,  it  la 
•erely  llluatratlve.  The  Input  laaer  power  per  unit  area  neceaaary  to  trap 
partlclea  In  atable  phaae  varlea  aa  (£>'*,  and  apparently  varlea  aa  ip 
If  the  tranaverae  velocity  apread  la  the  major  contributor  to  the  apread  In 
axial  epeed.  Clearly  lowering  the  eulttance  by  a  factor  of  2  or  ao  would 
be  dealrable.  But  In  order  to  achieve  average  current  denaltlea  of  aeveral 
kA/cw*,  we  «uat  have  an  eulttance  an  order  of  Magnitude  lower  than 
typically  achieved  to  date. 

One  further  obaervatlon  la  In  order  with  regard  to  the  current 
denalty  llnltatlona.  The  value  of  Jc  la  Independent  of  the  beaai  energv 
lf  yc  la  really  a  conatant.  Aa  pointed  out  earlier,  in  any  given 
accelerator  thla  ia  an  ideal  situation  not  likely  to  be  achieved,  eo  that 
the  value  of  J.  «ey  well  decrease  with  y  .  On  the  other  hand,  the  value 


t 


of  the  actual  anargy  apraad  Ay  can  raaaonably  ba  axpactad  to  raaaln 
rathar  conatant,  ao  that  Ay/y  dacraaaaa  with  anargy* 
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Ill 


SOLUIOIDAL  TRANSPORT 


We  first  consider  trsnsport  in  a  continuous  axial  magnetic  field 
B  that  Is  radially  uniform.  In  this  transport  system  the  quantity  R2  in 
Eq.  (1.1)  is  Independent  of  z  and  given  by 

K2  -  (2p)“2  ,  (3.1) 

In  vhlch  p  is  the  radius  of  gyration  the  beam  particles  would  have  in  the 
field  B  if  their  motion  were  entirely  perpendicular  to  the  field.  In 
Gaussian  units,  we  have 


P-§,  (3.2) 

As  an  engineering  formula,  we  use 

P(cm)  -  1.7  Yfi/B(kG)  .  (3.3) 

The  equilibrium,  or  "matched"  radius  of  the  beam  is  found  by  setting 
d2R/dz2  •  0  .  We  introduce  the  quantities  R,  and  Re  by  the  definitions 
(lengths  in  cm,  I  in  kA  ,  e  in  cm-rad): 

R2  -  8Ip2/17(yB)3, 


(3.4) 


(3.5) 


-  2pc  . 

Physically,  Rg  is  the  aatched  radius  of  a  "tero  omittance"  baaa  and  R£ 

In  the  Batched  radius  of  a  "low  current"  bean  (l.e.,  a  bean  with  finite 
cmlttance  and  current  I  sufficiently  snail  that  it  Is  in  the  enlttance 
dominated  region).  Since  R£  varies  as  B“1  vhlle  R,  varies  as 

B”1  ,  for  any  values  of  1,1,  and  e  the  ratio  of  these  two  quantities 
Bay  be  adjusted  by  changing  the  value  of  B  .  In  teras  of  Rg  and 
R£  ,  the  natched  radius  R^,  1*  given  by 

R2  -  <R‘/2)  +  [(Rj/4)  +  R4 j1/2  .  (3-6) 

If  the  emlttance  of  the  beam  16  tero,  notion  of  particles  in  the 
bean  Is  laminar.  The  teras  "laminar  flow"  and  "Brlllouln"  flow  are  used  to 
describe  this  motion.  Ihe  simple  treatment  here  does  not  describe  exactly 
the  condition  for  laminar  flow  for  relativistic  particles.  A  thorough 
treataent  of  a  aero  cmlttance  relativistic  beam  In  a  uniform  axial  magnetic 
field  has  been  done  by  Reiser4.  The  results  of  Ref.  4  show  that  all 
particles  In  the  beam  have  the  a a me  axial  apeed.  Particles  reaaln  at  a 
constant  radius  and  execute  helical  orbits,  but  the  axlauthal  velocity 
varies  with  r  .  The  particles'  kinetic  energy  as  veil  as  the  charge 
density  P  ,  axial  and  azimuthal  current  densities  jt  and  jfi  ,  and  field 
components  Er  ,  B6  ,  and  Bt  all  are  functions  of  radius  In  Reiser's 
theory.  But  the  axial  apeed  is  Independent  of  radius. 

S 

« 
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The  variation  of  klnatlc  energy  (l.c.  variation  of  Y)  arlaaa  fron 
the  alactroatatle  potential  of  tha  charge  dlatrlbutlon  In  tha  beam.  Por  a 
baas  with  radially  uniform  eharga  density  and  v  ■  c  ,  tha  dlffaranca  In 
potantlal  energy  batvaan  the  axla  of  the  bean  and  the  edge  of  the  beam  la 
30  kV  per  kA  of  beam.  In  laminar  flow  the  difference  In  klnatlc  anargy  la 
manifest  In  radially  varying  azimuthal  speed,  while  the  axial  spaed  remains 
constant.  This  Ideal  model  can  never  be  realised  in  practice  because  all 
real  beams  have  a  finite  emlttance.  If  the  magnetic  field  is  adjusted  so 
that  «  r2  '  (i.e.,  transport  In  the  space-charge  dominated  regime), 
the  condition  of  Brlllouln  flow  can  perhaps  be  approximately  achieved. 

Under  such  circumstances  It  might  be  reasonable  to  asBuae  that  the  change 
In  potential  across  the  beam  leads  to  a  negligible  spread  in  axial 
velocity.  The  actual  situation  would  depend  on  the  details  of  the  electron 
distribution  in  six  dimensional  phase  space  (or  5  dimensional  If  the  beam 
Is  indeed  azimuthally  symmetric).  But  even  In  the  space-charge  dominated 
regime,  a  finite  emlttance  gives  a  spread  in  axial  velocity  according  to 
the  relation  (2.5).  If  the  empirical  formula  (2.7)  holds,  then  Eqs.  (2.9 
and  2.10)  are  still  valid.  By  transporting  the  beam  In  the  space-charge 
dominated  regime  the  axial  velocity  spread  from  the  potential  drop  across 
the  beam  may  be  reduced  to  a  negligible  value,  but  the  velocity  spread  from 
the  emlttance  atlll  leads  to  a  maximum  current  for  an  equivalent  Ay  A  ,  as 
expressed  In  Eq.  (2.10)  for  an  equivalent  Ay/y  of  10“^. 

We  will  now  present  some  examples  of  beam  radii,  solenoldal 
magnetic  field  amplitudes,  and  beam  currents.  In  the  first  examples  we 
assume  that  the  emlttance  la  given  by  Eq.  (2.7),  and  me  are  considering  an 


Indue tion  llnac  or  any  other  aeealarator  that  produces  eonetant  currant 
during  the  pulaa.  We  aat  d2R/d*2  *0  In  Eq.  (1.1)  and  aaploy  Eqs.  (2.7, 
3.1,  and  3.3.)  to  obtain 


B2R2  -  11.56  l(kA)  [(2/1776)  +  (0.09/R2)]  .  (3.7) 

■  n 

If  w  use  Eqs.  (2.5  and  2.9)  with  u  •  2  we  can  express  1  In  terns  of 
the  equivalent  A7/7  allowed.  We  have 

I(kA)  -  44  (A7/7)  R2  ,  (3.8) 

tt 

and  Eq.  (3.7)  becomes 

B2  -  508  (A7/7)  [(2/1776)  +  (0.09/R2)[.  (3-9) 

ID 

We  may  calculate  the  ratio  (R  /R  )2  from  Eqs.  (2.7,  3.1,  3.4  and 

^  s 

3.5) .  We  obtain 

(Rc/R#)2  -  3T8B/4I1/2  .  (3.10) 

This  ratio  Is  a  measure  of  the  extant  to  which  the  beam  la  being 
transported  in  the  space-charge  dominated  regime.  (Small  values  Indicate 
space-charge  regime,  large  values  Indicate  emlttance  regime.)  Values  of 
this  ratio  along  with  values  of  1,  R,.  given  In  Table  1.  for 

7  »  10  and  A7/7  -  10“2  .  from  the  values  of  (Rc/fs)2  we  see  that  the 
beam  la  In  the  anlttance  dominated  regime  even  for  this  low  value  of  7  • 


Any  value  of  y  higher  chan  ehle  vill  raault  only  slightly  smaller  values 
of  1  ,  since  the  first  Cera  on  Che  right  hand  side  of  lq.  (3*9)  la  much 
saaller  than  the  second  ten  for  >  ■  10  and  decreases  with  lncreaalng 
values  of  y  • 

In  the  eaittance  dominated  regiae  the  Ay/y  arising  froa  the 
potential  drop  across  the  beam  aust  be  considered,  but  it  amounts  to  only 
3  x  10*3  for  i  m  44QA  • 


TABLE  I 

Values  of 

and 

(Rc/R,)2 

calculated  from  Eqs. 

•  >  -  10, 

Ay/y  - 

e 

ra 

1 

O 

Note  that 

I  is  in  amperes. 

Rm(cm) 

1(A) 

B(kC) 

(Re/R,)2 

0.2 

17.6 

3.4 

190. 

0.5 

no. 

1.37 

30. 

1.0 

440. 

.72 

8.0 

We  now  repeat  the  above  calculation,  but  reduce  the  aaittance  by 
order  of  aagnltude.  Us  aaaiae  that  t  still  varlaa  as  1^*  ,  but  change 
the  coefficient  in  lq.  (2.3)  from  0*J  to  3  *  10“2  .  Die  aquation  analogous 
to  lq.  (3.6)  la  now 
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I  •  4.4  *  103  (Ay/y)  r2  , 


O.in 


and  Bq.  (3.9)  btcoMi 

B:  -  5.08  x  104  (4,i/'»)  k  (2/1 7y  6)  4  (9  x  10“4/R2V  ,  (3.12> 

B 

while  (R  /R  \*  is  now  given  bv 
i  s 

<R{/Rg)2  -  0.3't6B/411/2  .  (3.13) 

Values  of  this  ratio  as  well  as  1,  B,  and  R^  .re  shown  in  Table  2  for 
>  •  10”*  and  >  ■  10  and  100  .  The  required  aagnetic  fields  are 
rather  substantial.  For  R  s  0.5  cb  ,  the  values  of  B  lie  within  a 

B 

factor  of  2  of  each  other  for  >  •  100  and  y  »  10  ,  the  latter  again 
being  taker,  as  a  lower  extreae. 

We  now  apply  Eqs.  (3.12  and  3.13)  to  a  low  energy  bean  with 
V8  »2  corresponding  to  a  kinetic  energy  of  630  kev.  An  FH  employing 
such  a  lower  energy  beaa  will  require  an  electroaagnetlc  pvap  (wlggler>  and 
the  allowable  energy  apread  will  be  such  lower  than  that  for  a  device 
eaploylng  a  fixed  magnetic  field  wlggler.  Results  are  shown  in  Table  3  for 

Ay/y  •  10“4  .  Only  at  very  email  radii  la  the  bean  In  the  emittance- 
domlnated  reglae.  but  A y/y  fro»  the  potential  drop  la  negligible  for  the 
allowed  current  levels.  At  •  0.5  cn  end  1.0  cn  the  bean  ie  In  the 
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ep*ce~charge  doalnat *d  regia* ,  and  If  eh*  &Y/T  froa  eh*  potential  drop  le 
not  reduced,  it  ie  auch  larger  than  the  10“*  allowed. 

TABLE  2 

Values  of  I.B.R^  and  C» e /K B ) 2  calculated  from  Eqs.  (3.12  and 
3.13)  for  £>/>  -  10“2  ,  y  -  10  and  100  . 


R^cn) 

I(kA) 

B(kC) 

(R 

t/K,r 

1  o 

0-4 

• 

>~ 

1 r  -  100 

y  -  io 

• 

9-* 

o 

o 

0.1 

.44 

7.2 

6.8 

8. 

75. 

0.2 

1.76 

4.2 

3.5 

2.4 

20. 

0.5 

11. 

2.8 

1.6 

0.6 

3.6 

1.0 

44. 

2.5 

1.0 

0.3 

1.1 

TABLE  3 


Values  of  and 

«cV 

‘  calculated 

from  Eqs. 

for  >  -  2  and  A-*/)  -  10~4 

.  Note 

that  1  is 

in  amperes. 

R»(ca) 

1(A) 

B(kG) 

(Re/R#)2 

0.05 

1.1 

1.46 

6.6 

0.1 

4.4 

.87 

1.9 

0.2 

17.6 

.64 

.7 

0.5 

110 

.56 

.25 

1.0 

440 

.55 

.12 

Ve  conclude  that  even  with  an  eaittance  an  order  of  magnitude 
lower  than  that  given  by  Eq.  (2.S)  the  current  in  a  low  energy  FEl  le 
aerloualy  Halted. 
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Aa  a  final  asaaple  va  coaalder  an  rf  linac.  aquation  (2.5)  give* 
the  eaittance  la  teraa  of  the  tlae  average  currant,  but  the  flrat  ten  on 
the  right  hand  aide  of  Sq.  (1.1)  eontalna  the  lnatantaneoua,  or  peak, 
currant  In  a  alcropulee.  Equation  (3.7)  suet  be  modified  to  take  thla  Into 
account*  We  have 

B2R2  -  11.56  1  [(2  1  .  /17  y  1  )  +  (0.09/R2)]  •  (3*U) 

a  ave  1  peak  ave  a 

For  L  ■  0.1  ea  ,  l-v#  ■  4.4  A  la  required  to  create  a  current  density 
of  140  A/c«2  .  We  take  lave  -  2A  ,  lp#tk  -  20  A  ,  I,  •  0.1  ea, 

>  -  40  ,  and  obtain  B  •  4.6  kG  •  Proa  Eqa.  (2.5  and  2.7)  we  have  an 

equivalent  AiA  of  4  x  10“^  f  which  is  probably  lea*  than  the  actual 

>  in  auch  a  device.  So  in  this  example,  at  leaat,  the  emittance  la 

not  the  major  contributor  to  the  axial  velocity  spread. 
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IV 


mt  DRirr  and  vigglrr  focusing 


A a  we  have  aaan  In  tha  previoue  taction  the  aolanoidal  magnetic 
fialda  nacaaaary  to  transport  tha  alactron  baas  ara  generally  a  fn  kC. 
Although  such  fialda  can  certainly  ba  achlavad,  experimental  hardware  would 
ba  more  manageable  if  thara  ware  no  solanold  surrounding  tha  wigglar.  In 
fact,  a  aolanoidal  flald  cannot  ba  employed  to  transport  tha  beam  if  tha 
wigglar  consists  of  iron  magnets.  Let  ut  first  consider  tha  consequences 
of  focusing  tha  beam  at  tha  entrance  to  tha  wigglar  so  that  a  baas  waist 
occurs  somewhere  near  the  middle  of  the  wiggler  (or  the  interaction  region 
for  an  electromagnetic  wigglar"*.  Tha  focusing  could  be  accomplished  with  a 
quadruple  doublet  or  triplet* 

If  tha  beam  is  in  the  ami t tance-dominated  regime,  we  may  neglect 
tha  first  term  on  tha  right  hand  side  of  Eq.  (1.1).  In  the  drift  region 
K^(t)  •  0  and  Gq.  (1.1)  is  easily  integrated.  If  we  measure  tha  axial 
position  t  from  tha  beam  waist  where  the  radius  is  R^,  .  we  obtain 

R2(*)  -  R2  +  ( ts/R  )2  .  (4.1' 

v  v 

Tha  behavior  of  tha  electron  beam  is  tha  same  as  that  for  the  laser  beam 
meat  tha  focus.  The  area  of  the  beam  doubles  at  a  distance  L  from  tha 
waist,  with  l  given  by 
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< 


L  -  I2/c  . 

v 


(4.2) 


For  a  numerical  example  ve  uae  the  "improved"  emlttance  yc»  0.03  I W2  . 

We  act  Ky  equal  to  Rg  and  take  the  valuta  of  R^  and  1  fro*  Table 
2.  For  R^  -  0.2  cm  and  1  ■  1.76  kA  ve  find  L  •  1  cm  .  For  R  •  0. 5 
ca  and  I  ■  11  kA  ,  we  find  L  •  2.5  >  cm  . 

The  nuabera  Indicate  that  the  altct  ron  baas  cannot  be  caat  sore 
than  a  fev  meters .  It  sight  be  poaalble  to  Interrupt  a  magnetic  higgler 
and  lnaert  additional  focualng  elements,  but  this  must  be  done  carefully  in 
order  to  preacrve  the  phase  of  the  electron  beam  with  respect  to  the 
pondermot lve  wave.  In  an  FEl  employing  an  electromagnetic  vlggler,  the 
beam  can  be  periodically  focused  with  little  difficulty. 

Let  us  now  examine  the  possibility  of  focusing  the  beam  with  the 
vlggler  Itself.  This  concept  was  suggested  by  Phillips^.  In  this 
discussion  ve  vill  merely  give  one  example  of  a  magnet  configuration  that 
provides  equal  focusing  In  both  transverse  planes.  The  configuration  is  In 
no  vay  optimised  in  the  sense  of  reducing  the  axial  velocity  spread  arising 
from  finite  emlttance  and  energy  spread. 

In  the  following  treatment  ve  uae  the  work  of  Ref.  3.  We  first 
point  out  that  a  "square  edge"  vlggler  as  shown  In  Fig.  1  provides  focusing 
In  the  y  direction  but  not  in  the  s  direction.  As  defined  in  Fig.  1. 
the  magnetic  field  la  alternately  in  the  *y  direction  causing  particles 
to  oscillate  In  the  x  direction.  Faitlclee  cross  the  edges  at  an  angle. 
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FIGURE  1 


ORBIT  OF  REFERENCE  PARTICLE  IN  A  SQUARE-EDGE  WIGGLER 
WITH  UNIFORM  MAGNETIC  FIELD. 


FIGURE  2 

ORBIT  OF  REFERENCE  PARTICLE  IN  A  NORMAL  EDGE  WIGGLER 

WITH  d(B i/dr  <  0. 


rad  if  they  art  off  tb*  radian  plana  ^|y|  >  oj  they  ancountar  a  eoaponent 
of  magnetic  f laid  Bx  naar  tha  edge,  and  tha  vxBr  forca  la  foeualng  In 
the  y  direction.  The  adga  affect  la  defocualng  In  tha  a  direction,  hut 
tha  total  foeualng  acroaa  the  ragnat  la  aero. 

Now  conalder  the  magnet  configuration  shown  in  Fig.  2.  Ihe 
particles  now  croas  the  edges  at  a  right  angle,  ao  that  there  la  no 
focusing  or  defocualng  at  the  edges.  The  magnetic  field  in  the  magnet  is 
not  uniform,  but  dacraaaes  with  radlua  as  shown  In  Pig.  2.  For  those 
familiar  with  the  terms,  this  la  an  n  -  1/2  weak  focusing  bending 
magnet.  We  define  a  reference  orbit  going  through  the  magnets.  This 
particle  crosses  the  edge  at  a  right  angle  at  the  proper  orbit  radius 
r  -  p  for  its  energy.  This  is  the  particle  for  which  the  magnet  is 
designed — it  is  the  "resonant"  particle  of  the  FEL.  For  the  present  we 
will  neglect  energy  variations  in  the  beam.  Other  particles  near  the 
reference  orbit  are  at  a  radius  r  ■  P  +  x  .  The  equation  of  motion  for 

these  particles  is 


In  which  a  la  defined  as  the  distance  along  the  reference  orbit,  and 
is  defined  by  the  relation 

-  1  +  n  ,  (4.4) 

where  n  la  the  field  Index  defined  aa 
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For  a  weak  focusing  banding  magnet,  dB/dr  la  nagatlva  and  n  la 
poeltlve. 


The  equation  of  notion  In  the  y  direction  la 

-0  .  (*.6) 

In  which  ■  -  n  •  So  if  we  make  n  ■  1/2  ,  the  focusing  is  the  same  in 

y 

both  transverse  directions.  It  Is  not  at  all  clear  that  equal  focusing  In 

the  two  planes  is  desirable  in  practice.  For  a  planar  wlggler  it  might  be 

desirable  to  make  the  emittance  in  y  -  y'  less  than  in  x  -  x'  so  that 

less  focusing  is  required  for  y  motion.  But  for  simplicity  here  we 

choose  v  -  v  -  2~* ^  .  eo  that  we  need  consider  motion  in  one 

x  y 

direction. 


If  a  particle  haa  xe  and  xe*  upon  entering  the  firat  magnet. 
It  has  x  and  x#  leaving  the  firat  magnet  and  the  values  are  related  by 
the  matrix  equation 


/x  \  _  I  cos  ♦  (p/v)ain  /x  \ 

1x7  |-(v/p)aln  ♦  coa  ♦  I  \  xq  ) 


(4.7) 


Inthlarelatlontheangle  ♦  •  u6  ,  where  6  lethetotalbendlngangle 
in  the  magnet.  Although  It  la  obvioua  that  the  ease  relation  holds  for 
y  motion  In  the  eeeond  magnet,  it  takaa  a  little  thought  to  convince 
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oneself  Chat  It  also  holds  for  s  notion,  By  definition,  both  a  and 
a*  chance  sign  in  Che  aacond  magnet,  but  both  B  and  dl/da  also  change 
sign. 


A  drift  length  d  is  shovn  in  Fig.  2 .  The  transformation  matrix 
for  a  drift  is 

Kd*U  11  •  <4-s’ 

Including  the  drift  region  In  our  calculation  mould  alter  the  results  very 
little  If  d  <<  pf  ,  so  we  will  neglect  it  for  simplicity. 

Since  focusing  Is  the  same  In  both  planes,  the  matched  beam  Is 
round  and  has  a  radius  given  by 


'pc 


X  X 


R  - 

(PC' 

V)  1/2  - 

u 

,  the 

maximum  < 

y 

)1/2 

and 

/pc  /v  \ 

) 

\  y  y) 

pc) 


1/2 


(4.91 


./j 


(4.10) 


The  quantity  In  parentheses  is  the  sene  as  chat  occurring  In  Kq.  (2.6),  and 
for  operation  of  an  PEL  Is  unity  or  close  to  It,  ao  chat  Bq.  (6.9)  becomes 
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!2  •  X^ygc/2«  , 


or 


TBi/R  •  2*R/X^  .  (4.11) 

The  left  hand  aide  of  Eq .  (4.11)  la  related  to  the  equivalent  B'i/X  treated 
In  Section  II.  Employing  Eq.  (2.5)  with  w2  ■  2  In  Eq.  (4.11)  we  find 

( AV'l  )  2/2  -  wR/ .  (4.12) 

If  we  choose  R/X^  satisfying  this  relation  (e.g. 

Ay/>  -  ID-*  ,  «R / •  0.1  then  the  weaV  focusing  vlggler  magnets  treated 
here  will  transport  the  allowable  current.  For  R/X^  greater  than  that 
necessary  to  satisfy  Eq.  (4.12),  the  wlggler  will  transport  mere  than  the 
allowable  current.  There  nay  be  restrictions  on  the  value  of  R/X^  arising 
fron  the  variation  of  By  with  y  .  A  detailed  analysis  of  the  actual 
field  pattern  will  be  necessary  to  determine  this  restriction,  but 
apparently  even  this  simple  wlggler  design  provides  adequate  focusing. 

We  point  out  that,  If  the  drift  space  la  included  In  the 
calculation,  the  beam  is  slightly  larger  In  the  center  of  the  magnet  and 
•lightly  smaller  In  the  center  of  the  drift  space. 

The  discussion  In  Sec.  2  leads  to  a  relation  between  the  current 
density  and  the  maximum  allowable  Ay/y  *  From  Iqs.  (2.5)  and  (4.11)  m  3 

d 
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can  derive  a  relation  between  tha  baaa  currant  I  and  1  Ha  find 


XX 


1/2 


(4.13) 


In  which  K  has  baen  takan  aa  3  x  10~2  in  this  aactlon.  Tha  relation 
holds  for  any  X  value  and  for  focusing  such  that  Eq.  (4.12)  is  valid.  It 
la  Interesting  to  note  that,  for  ■  2  ,  the  contribution  (A  y/y)  from 
the  variations  of  the  vlggler  aagnetic  field  in  the  y  direction  la  given 
approximately  by 


'  y  'y 


(4.14) 


Thus  Eq .  (4.11)  shows  that  (Ay/y)^  •  (Ay/y)^  ,  a  condition  that  minimises 

the  sum  of  the  two  contributions. 


Aa  awntlonad  above,  e  need  not  be  aa  large  as  c 

7  x 


Further  study  of  vlggler  configurations  will  seek  arrangements 
that  reduce  the  axial  velocity  spread  caused  by  the  emlttance.  It  may  be 
possible  to  accomplish  this  In  one  plane  only,  preferably  the  x  plane. 

A  beam  In  a  storage 
ring  has  <<  .  In  a  beam  from  a  llnac  the  emlttance  In  one  or  both 

planes  may  be  reduced  at  the  expense  of  lowering  the  current,  ftippoae  we 
make  the  beam  wide  In  the  y  direction  and  narrow  In  the  x  direction. 
The  easiest  way  to  do  this  la  to  pass  the  beam  through  a  quadrupole  that 
focuses  In  x  and  defocuses  In  y  .  The  bean  cross-section  la  shown  In 
Pig.  3a,  and  the  two  phase  ellpsea  In  Pig.  3b.  In  this  configuration  the 
beam  la  placed  through  a  silt  aa  ahovn,  reducing  the  extent  In  y  and 
ty  .  If  the  y  ellpse  la  uniformly  filled  we  reduce  the  total  current 
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by  the  mm  fraction  that  is  reduced.  But  generally  tha  phase  density 
ia  higher  naar  tha  canter  of  the  ellpse  so  that  the  reduction  lo  currant  la 
laaa.  There  la  little  or  no  reduction  In  ,  but  tha  procaaa  nay  be 

repeated  In  the  x  plane  If  desired.  This  proceaa  would  be  particularly 
uaeful  if  applied  to  the  beaa  out  of  an  induction  llnac,  which  carrlee  wore 
current  than  can  be  uaed  In  an  FEL. 

In  conclusion,  we  see  that  the  aolenoldal  magnetic  field  neceaaary 
to  transport  the  allowed  current  in  an  FEL  la  at  moat  a  few  kC.  In  thla 
aectlon  we  have  an  existence  proof  that  the  focualng  can  alao  be 
accomplished  by  shaping  the  magnetic  field  of  the  vlggler. 

Although  an  improvement  in  emittence  is  certainly  desirable,  the 
results  of  Section  III  indicate  that  values  of  emittence  currently  achieved 
in  rf  llnacs  will  permit  the  use  of  these  devices  for  an  FEL  used  as  an 
oaclllator.  For  an  FEL  employing  a  magnetic  vlggler  and  operated  as  an 
amplifier,  an  lmprovcMnt  of  a  factor  of  3  to  10  in  the  amittance  from 
induction  llnacs  la  desirable.  For  an  FEL  employing  an  electroauignetlc 
vlggler,  auch  an  improvement  la  essential.  An  improvement  of  two  orders  of 
magnitude  would  make  these  devices  interesting. 

He  mention  that  the  phase-displacement  concept  relaxes  to  some 
extant  the  requirement  for  small  fractional  energy  spread.  Hlth  this 
schema  particles  are  not  trapped  In  stable  phase  with  respect  to  the 
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pondarwoclva  wvi.  and  thara  la  ao  eoaaactlee  bacwaan  cha  affacciva  aaargy 
apraad  and  cha  Input  laaar  povar.  A  largar  anargy  apraad  doaa  aacaaaltata 
a  longar  vlgglar  to  aacract  cha  aaaa  onargy  par  pardcla  froa  all  cha 
parClclaa  In  Cha  baaa. 


i 
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